This paper presents a numerical study of a uniform flow past a rectangular cylinder using the incompressible lattice Boltzmann method (ILBM). Firstly, we use the ILBM to simulate the flow past a square cylinder symmetrically placed in a two-dimensional channel and results are validated against the well-resolved results obtained using finite-difference method and finite-volume method. Secondly, the effects of the aspect ratio defined as R = width/height on the fluid forces, vortex shedding frequency and the flow structures in the wake are investigated. Aspect ratios ranging from 0.15 to 4.00 and four Reynolds numbers Re = 100, 150, 200 and 250 are selected for the investigation. The results show that the effects of aspect ratio on physical quantities such as drag and lift coefficients, Strouhal number and the vortex shedding mechanism are very notable in the range between 0 and 2. In general, the drag coefficient decreases with the aspect ratio and the decreasing rate is more distinct in the range of 0.15 ≤ R ≤ 2.0. There is no local maximum found at around R = 0.6 in the drag coefficient as reported for higher Reynolds numbers in the literature. However the root-mean-square value of the lift coefficient shows a maximum value at R ≈ 0.5 for all Reynolds numbers selected. The variation of Strouhal number with R appears to be different for four selected Reynolds numbers. Especially for Re = 250, a discontinuity in St, as has been observed for higher Reynolds numbers, is observed at around R = 1.45 where multiple peaks are found in the result of Fourier spectrum analysis of the lift force and irregular vortex shedding behavior with no fixed shedding frequency is observed from the instantaneous vorticity contours. Such discontinuity is not observed for Re = 100, 150 and 200. The present results using the LBM are compared with some existing experimental data and numerical studies. The comparison shows that the LBM can capture the characteristics of the bluff body flow well and is a useful tool for bluff body flow studies.
Introduction
Bluff structures, for example circular cylinder and rectangular cylinder are the most common configuration in numerous practical applications such as tall buildings, bridges, chimneys, heat exchangers, fences, and so on, and the flow around a bluff body often involves various fluid dynamic phenomena, such as separation, reattachment, and vortex shedding. Therefore the study of bluff body flow is of importance in both engineering and science and has gained attractiveness due to the rapid advance of computer technology and the accuracy of numerical techniques. There have been numerous studies for a circular cylinder and also many investigations for a square cylinder. However, much less work has been conducted for a rectangular cylinder. It is known that the flow around a rectangular cylinder can result in a number of different local instabilities which can lead to global instabilities [1] and the difference in aspect ratio can make drastic changes in the fluid dynamic characteristics around the cylinder [2] [3] [4] .
Bearman and Trueman [5] conducted an experimental study to examine the flow around rectangular cylinders and their results show that the drag coefficient attains a maximum value at 0.62 R ≅ for Re = 0.13 × 10 5 and the Strouhal number experiences a discontinuity at R near 2.8. Okajima [6] carried out an experimental study for a rectangular cylinder with the aspect ratio ranging from 1 to 4 where the Reynolds number was in the range from 70 to 2 × 10 4 . He also found that for cylinders with R = 2.0 and 3.0 there is a certain range of Reynolds number where an abrupt change of flow pattern occurs with sudden discontinuity in the Strouhal number. For R = 2.0 this phenomena happens near Re = 500, while for R = 3.0 it takes place at about Re = 1100. The experimental investigations carried out by Norberg [7] were for the aspect ratios R = 1, 1.6, 2.5 and 3 at various angles of incidence ranging from 0° to 90°. The Reynolds number was in the range of 400 to ~3×10 4 . The most notable finding of his work is that the drag coefficient undergoes significant changes in the range of R = 0-1 while the Strouhal number changes very little, whereas the reverse is true in the range of R = 2-3. The drag coefficient reaches a maximum at around R = 0.6. Multiple wake frequencies were observed at some small angles of incidences within a certain range of Re and R between 2 and 3. The experimental work of Nakagawa et al. [8] for a rectangular cylinder in a channel flow was mainly focused on the unsteady turbulence characteristics at Re = 15000. In particular, they observed that in the case of R = 2, the shear layers separate at the leading edges and reattach to the side walls of the cylinder and then separate again at the trailing edges to roll up into regular vortices. However, the simultaneous reattachment to the upper and lower side surfaces occurs intermittently at this aspect ratio, which results in an appearance of narrow and wide width of the wake, and the extent of the recirculation region is largest at this aspect ratio. Recently, Abdollah et al. [9] carried out an experimental study for the same problem but with a smaller blockage ratio. The Reynolds numbers were 8600 and 17400, and the aspect ratios were 0.5, 1.0, 2.0 and 3.0. Their results showed that the Strouhal number remains nearly constant for high Reynolds numbers. They also observed that the vortex formation region is longer in the cases of large aspect ratio than those of lower aspect ratio. Most of these experimental investigations are for fairly high Reynolds numbers, and less information is available for low Reynolds number flows.
Numerical studies of the flow over a rectangular cylinder with different aspect ratios are relatively few. Okajima et al. [10] numerically examined the aspect ratio effects for aspect ratios ranging from 0.4 to 8.0 and Reynolds numbers from 100 to 1.2 × 10 3 using finite difference methods. They observed some critical changes in flow pattern at R = 2.8 and R = 6.0 at Reynolds numbers of 500 to 1.2 × 10 3 . Kondo and Yamada [11] carried out a third-order upwind finite element study of the flow around rectangular cylinders. Their simulations were carried out for aspect ratios from 0.7 to 4.0 at Re = 10000. Their results show that eddies appearing along the upper and lower surfaces are relatively small when R = 0.7 and 1.0, and, as aspect ratio increases, the formation of vortices around the rectangular cylinders becomes very complex. Sohankar et al. [12, 13] examined the unsteady two-dimensional flow around a rectangular cylinder for different aspect ratios ranging from 0.25-4.00 at various angles of incidences (from 0° to 90°) for Re = 100-200 using the third-order Quick scheme and a second-order Crank-Nicolson scheme. Their results show that there is no local maximum in the drag coefficient at some intermediate critical aspect ratio as observed for higher Reynolds numbers. They also found that the St decreases smoothly with aspect ratio for Re = 100 but increases rather abruptly for Re = 200 at around R = 1.5. But most of their study focused on various numerical parameters such as domain size, grid resolution and time step. Taylor and Vezza [14] studied flow around square and rectangular section cylinders using a discrete vortex method. They observed that a notable effect of aspect ratio on drag coefficient is in the range between 0 and 1 for Re = 20000. Their results showed that a maximum value of drag coefficient is reached at around R = 0.62. The lowest value of R they considered is 0.25. Shimada and Ishihara [15] studied the flow around rectangular cylinders using the k-model for Re = 2.2×10 4 and 0.6 ≤ R ≤ 8.0. Both two-and three-dimensional flows were considered. Their results showed that the drag coefficient experiences a peak near R = 0.6 and then decreases monotonically as the aspect ratio increases. They also observed that St exhibits discontinuities at R = 2.8 and 6.0 for the given Reynolds number. Kevin [16] examined the flow around a square cylinder using the standard lattice Boltzmann method (LBM). The drag coefficient he obtained appears to be higher than those reported by Sohankar et al. [13] while St is in good agreement with those of Sohankar et al. [13] . However, there was limited quantitative information on a rectangular cylinder in his work. Joda et al. [17] carried out an analysis of the forced convection flow around rectangular cylinder with different R using a fractional step finite volume code. Their investigations were carried out for R = 1, 2 and 3 and Re between 100 and 200. Their results showed that the drag coefficient in general decreases with the aspect ratios for Re = 100. For Re = 200 their study on the Strouhal number showed that it first increases and then decreases with the aspect ratio.
As mentioned above there have been some experimental and numerical studies for rectangular cylinders, however, the investigations of the aspect ratio effects on the flow characteristics are still limited, especially for low Reynolds number flows. Quantitative information on aspect ratio effects on vortex structures, the Strouhal number and the force coefficients is far from complete. Regarding the available studies in the literature, the present study provides further computational information and detailed investigation on the aspect ratio effect of a rectangular cylinder at low Reynolds number from 100 to 250 for an aspect ratio ranging from 0.15 to 4.00. The effects of the aspewct ratio on the force coefficients, the Strouhal number and the flow structures in the near wake are studied in detail. The LBM with the incompressible BhatnagarGross-Krook (LBGK) [18] model is used for the fluid flow simulation and the results are compared with related data published in the literature.
The rest of the paper is organized as follows: A brief description of the problem is given in section 2 and a detailed description of the incompressible lattice Boltzmann method (ILBM) together with the initial and boundary conditions and the validation test for the numerical code are presented in section 3. The results on the effects of the aspect ratio on the force coefficients, vortex shedding frequency and the flow structures are discussed in section 4. The effects of the Reynolds number are also given in this section. Finally conclusions are drawn in Section 5.
Problem description
The schematic configuration of a rectangular cylinder in a uniform flow is shown in Fig. 1 , where d and b are the side width and length of the cylinder, and U ∞ is the velocity of the uniform flow. H is the height of the computational domain. A computational domain with L u = 12d upstream, L d = 30d downstream and a distance of H = 12d on both sides of the cylinder is selected for the present computations, and has been proven to provide a good compromise between accuracy of the solution and computational cost for a uniform flow past a cylinder as will be shown later.
Numerical method

Incompressible lattice Bhatnagar-Gross-Krook (ILBGK) model
Instead of solving the usual continuum equations for the conserved fluid fields, the lattice Boltzmann method (LBM) models the fluid flow by tracking the evolution of fluid particles where the physical space is discretized into a number of square regular lattices and at each time step, the particles move and collide following certain rules. In the present study, a two-dimensional nine-velocity (D2Q9) model and the Bhatnagar-Gross-Krook (BGK) collision model used in the standard Boltzmann equation are adopted [19] .
The evolution equation of the density distribution function of the fluid particles can be described by:
where g i (x,t) is the density distribution function of the particle at position x and time t with velocity ce i , Δx and Δt are the lattice grid spacing and the time step, c = Δx/Δt is the particle speed, e i is the direction of the velocity, and Ω i is the collision operator which must maintain the total mass and momentum of the particle system. The fluid density ρ is then obtained from the density distribution function by:
The density distribution function g i (x,t) is modified at each time step according to the evolution of the particles.
In the two-dimensional nine-velocity (D2Q9) model, each lattice node has eight nearest neighbors connected by eight links and the particles move only along the axes or the diagonal directions of the lattice (see Fig. 2 ). The directions of the discrete velocities are given by:
Bhatnagar, Gross and Krook (BGK) (1954) described a collision operator to consider the collision effects between particles where the collision process was described as a relaxation to the local equilibrium state in the following way:
where τ is the non-dimensional relaxation and g i (0) (x,t) is an equilibrium distribution function. The equilibrium distribution chosen by Guo et al. [19] is defined by: 
and σ, λ, γ are parameters satisfying λ + γ = σ and λ + 2γ = 1/2.
The evolution equation of the density distribution function is then described by the following single-relaxation-time BGK equation:
The incompressible Navier-Stokes equations can be recovered from this incompressible LBGK model [19, 20] .
The kinematic viscosity ν can be obtained in the following way: 
More details can be found in Ref. [19] .
Boundary conditions
Inlet boundary: Uniform flow with velocity U ∞ is incorporated using the equilibrium particle distribution function (PDF) at the inlet boundary where
Outlet boundary: The computational domain behind the cylinder is selected to be large enough so that the flow at the outflow boundary can be considered to be fully developed. Therefore a zeroth order approximation for PDF is adopted at the outlet boundary.
Surface of the cylinder:
No-slip wall boundary condition is applied to the surface, i.e. u = 0 and v = 0 (12) and this is realized using a bounce-back treatment in which all particles hitting the solid wall and reflected back to its previous position.
Top and bottom boundaries:
Uniform flow boundary condition is applied at both top and bottom boundaries of the computational domain.
The total fluid force F on the square cylinder is calculated using the momentum exchange method [21] . The force is given by:
e n x t x n x e t t t
where N is the number of non-zero lattice velocity vectors, the subscript α is the opposite lattice direction of β, i.e. α = β = 1,2,…,8. To obtain the fluid-solid momentum exchange per unit time, Eq. (14) is treated at the midpoint for the fluid lattice node x f = (x b +ce β Δt, t) and the solid lattice node x b = (x f +ce α Δt, t), where x b denotes the solid nodes and x f represents the fluid nodes. The momentum exchange between a solid node at x b and all possible neighboring fluid nodes around that solid node can be obtained by the inner summation, while the force contribution for all boundary nodes at x b is given by the outer summation.
Definition of important parameters
The Reynolds number Re is defined by:
Other important parameters are the Strouhal number St, the drag coefficient Cd, the lift coefficient Cl, and aspect ratio R. They are defined by the following formulas:
where f s is the vortex shedding frequency from the cylinder, F d and F l are the force components in the in-line and transverse directions, respectively.
Computations are normally terminated when the following convergence criteria is satisfied All the computations are carried out on a Dawning Parallel Computer TC4000.
Computer code validation
In order to validate the computer code, simulations for flow past a square cylinder are carried out first for Re = 100, 150, 200 and 250. The results of C dmean , the mean value of drag coefficient, and the Strouhal number St are presented together with the experimental data of Shimuzu and Tanida [22] , Okajima [6] , Okajima [23] and Norberg [7] in Figs. 3 and 4 , respectively. Some numerical results of Davis and Moore [24] , Franke et al. [25] , Sohankar et al. [26] , Robichuax et al. [27] and Saha et al. [28] are also plotted in the figure for comparison. It is seen that the present calculation for the mean drag coefficient at Re = 250 is very close to the experimental data of Shimizu and Tanida [22] . It is also observed that the present calculation for Cd mean at Re = 200 is very close to the numerical result of Sohankar et al. [26] . The present results at this Reynolds number show a much better prediction than other numerical data as seen in the figure. However the present study underpredicts the drag coefficient for Re = 100. Although most of the numerical data illustrate an underprediction at this Reynolds number, the present work shows more. The general trend from all of the numerical studies is similar, and the present result agrees well with that from Sohankar et al. [26] who used the Quick scheme and Van Leer scheme, but is lower than numerical solutions by others. The Strouhal numbers obtained in the present work show a good agreement with some of the data from Norberg [7] and Okajima [6] . The present Strouhal number and those obtained by Franke et al. [25] shows a similar trend for the variation of the Strouhal number with Re.
Results and Discussion
Four Reynolds numbers 100, 150, 200 and 250 are considered. In order to investigate the effects of the aspect ratio, twenty-six values of R between 0.15 and 4 are selected for each of the Reynolds numbers. The values are listed in Table  1 . The drag and lift coefficients, the vortex shedding frequency and the flow structure are analyzed. The effects of Reynolds number are also examined.
Drag and lift force coefficients
For the sake of brevity, only two groups of force time histories are presented. The first one is illustrated in Fig. 5 where R varies from 0.15 to 4 and Re is kept at 100. The second one is plotted in Fig. 6 where Re varies from 100 to 250 and R is kept at 0.5. The solid line represents the drag coefficient and the dotted line indicates the lift coefficient. The time history of the drag and lift coefficients exhibit regular periodic behaviors which indicates the periodic alternate vortex shedding phenomenon. It is seen that the periodic vortex shedding behavior is well captured by the LBM method. The frequency of the drag coefficient is twice that of the lift coefficient. The fluctuations of Cd and Cl become smaller with the increase of R (see Fig. 5(a)-(d) ) and larger as Re is increased (see Fig. 6(a)-(d) ).
The mean value of the drag coefficient, C dmean , is presented in Fig. 7 as a function of R. A notable effect of aspect ratio on C dmean in the range between 0 and 1 is observed in the figure, which is consistent with the observations reported in the literature [7, 12, 14] . It is seen that for all selected Reynolds numbers, C dmean drops sharply as R increases when R < 1, and when R > 1 it decreases slowly. There is a slight increase at R = 3.5 for Re = 100 and 200. When R varies from 0.15 to 4.0, the drag coefficient is reduced by up to 54.3% for Re = 100, 60.6% for Re = 150, 62.9% for Re = 200 and 64.8% for Re = 250. In order to capture very detailed information on the behaviors of the force coefficients and also the Strouhal number as a function of the aspect ratio, a large number of computations for a series of carefully selected aspect ratios were carried out. The local maximum value in drag coefficient at some intermediate critical aspect ratio as observed for higher Reynolds numbers [5, 7, 14, 15] is not observed for the present low Reynolds numbers. However a maximum value in the lift coefficient appears at these low Reynolds numbers as will be seen in the following. For comparison, the experimental results of Shimizu and Tanida [22] and Okajima [23] and the computational results of Sohankar et al. [12] , Kevin [16] and Joda et al. [17] are also presented in the figure. The results of Sohankar et al. [12] lie closely on the present results. The results of Kavin [16] who also used the LBM appear to be generally higher than those of all others. The present results show that the C dmean is slightly lower than those reported by Shimizu and Tanida [22] and Okajima [23] though the comparison shows a generally good agreement between the experimental data and the computational results. The root-mean-square values of drag and lift coefficients, C drms and C lrms , are illustrated in Fig. 8(a) and (b) , respectively. The variation of C drms with R shows a similar trend to its mean value but with a more distinct decreasing rate in the range of R < 1.5 for all selected Re. It remains nearly a constant for R > 1.5. Therefore the results indicate that large aspect ratio effects on the drag coefficient appear only when R is smaller than 1. However the rms value of the lift coefficient behaves differently. It increases sharply as R increases from R = 0.15 and reaches a maximum values at around R ≈ 0.5 for all selected Reynolds numbers. It then decreases quickly as R increases to 1.5. When R is greater than 1.5, C lrms remains nearly a constant for Reynolds number 100, 150, and 200. But for Re = 250, C lrms starts to increase with R after the decrease from a peak value at R = 0.5 and reaches another peak at R = 3.0. After that it drops quickly down to a value close to the values for all other selected Re. As the Reynolds number increases, the behavior of C lrms becomes more complicated.
To illustrate the influence of the Reynolds number, the results of C dmean , C drms and C lrms are illustrated for fixed aspect ratios. Fig. 9 shows the variations of C dmean for R = 0.25, 0.5, 0.75, 2, 3 and 4 with the Reynolds number. Some open literature data are also put in the figure for comparison. The mean value of drag coefficient increases with Re for the aspect ratios R ≤ 1, but in the range of 1<R<4 the drag coefficient changes only slightly with Re for a fixed aspect ratio and the variation is within 7% (see Fig. 9(b), (c) and (d) ). 
Vortex shedding frequency
Fourier spectrum analysis of the lift coefficients are carried out for all R and Re to analyze the vortex shedding frequency. The results for four selected cases with a fixed value of Re = 100 are illustrated in Fig. 11 . All of the four graphs show a single dominant peak which relates to the vortex shedding frequency. The vortex shedding becomes slower as the aspect ratio increases at this Reynolds number.
More detailed variations of St with aspect ratio R for the selected four Reynolds numbers are summarized in Fig. 12 . Some experimental and numerical data published in the literature are also given in the figure for comparison. For Re = 100, Fig. 12(a) shows that St decreases quickly with R first when R < 1 and then steadily with a slower decreasing rate for R > 1, while for Re = 150, 200 and 250 the Strouhal number increases initially and reaches a peak at around R = 0.25, 0.45 and 0.50 for Re = 150, 200 and 250, respectively. It then drops sharply and meets a minimum at around R = 1.0 and 1.25 for Re = 150 and 200, respectively. However, for Re = 250 the Strouhal number experiences a drastic change at the aspect ratios of 1.40, 1.45 and 1.50. With these aspect ratios the vortices shed irregularly with no fixed shedding frequencies, which may be seen from the flow patterns shown in the next subsection and the results of Fourier spectrum analysis of the lift forces, which show multiple peaks with no obvious dominant one (see Fig. 13 ). Therefore there appears to be a discontinuity in the Strouhal number as shown in Fig. 12(d) .
It is known that the Strouhal number experiences a discontinuity at some aspect ratios for a certain range of Reynolds number where an abrupt change of flow pattern occurs [5] [6] [7] 15] . It has been reported that this discontinuity happens at R = 2 for Re near 500 and at R = 3.0 for Re near 1100 by Okajima [6] . For a lower Reynolds number Re = 250, this discontinuity is expected to occur at an aspect ratio lower than 2. The drastic change at around R = 1.45 shown in Fig. 12(d) illustrates the occurrence of such a discontinuity in the Strouhal number for Re = 250 as expected. For Re = 200 or even lower, this discontinuity is not observed in the present study.
The comparison of the present results with those published data indicates that some of the present results are in reasonable agreement with the experimental results of Okajima [6] , Norberg [7] and Nakamura et al. [4] , for example, for Re = 100. But for other Reynolds numbers, some of the results are scat- tered. The agreement between the present results and the data of Norberg [7] is generally better than the agreement with the data of Okajima [6] and Nakamura et al. [4] . Fig. 14 shows the variation of St with Re. Some published data from other experimental and numerical investigations [4, 6, 7, 13, 16, 17] are also included for comparison. It can be seen that some of the present results are close to the experimental data reported by Okajima [6] and Norberg [7] , for example, for R = 1 at Re = 100 and 150 to the data of Norberg [7] and at Re = 250 to that of Okajima [6] , and for R = 4 at Re = 200 to the data of Nakamura et al. [4] . The present results show that when R > 1, the Strouhal number generally increases with Re for the Reynolds number range tested.
Flow structures in the wake
Instantaneous vorticity contours are used to visualize the flow structures and they are presented in Fig. 15-18 for Fig. 15 shows the comparison of the vortex pattern for different aspect ratios at Re = 100. The results indicate that at a low aspect ratio of R = 0.15 the flow structure behind the cylinder has a form of two parallel lines with negative and positive vortices respectively (see Fig. 15(a) ). At an aspect ratio of R = 0.50, the vortices shed alternatively from the upper and lower sides of the cylinder to form a typical Kaman vortex street with a relatively short formation length (see Fig. 15(b) ). Fig. 15(c) shows that the negative vortex is being shed and the positive one on the other side is reforming. The vortex on one side draws the shear layer of opposite sign from the other side across the wake centerline to detach the vortex from the near wake and form the vortex street. Similar patterns are noted in Fig. 15(d)-(f) .
However, as the aspect ratio increases the vortex formation length, the width of the near wake, and the spacing between vortices in both the transverse and stream directions change greatly. It is observed that the formation length becomes longer as the aspect ratio increases, for example, the one in Fig.  15(f) for R = 4.00 is longer than that in Fig. 15(b) for a lower value of R = 0.50. This is also observed for higher Reynolds numbers, e.g. Abdollah [9] for Re = 8600 and 17400 for different aspect ratios. It is seen from Fig. 15 that the width of the near wake becomes narrower as the aspect ratio increases which results in the decrease in the drag coefficient shown in Fig. 7 . The spacing between vortices in the stream direction increases, which indicates that the vortices shed more slowly as the aspect ratio increases for a fixed Reynolds number. This is accompanied by a decrease in the vortex shedding frequency as shown in Fig. 12(a) .
The formation of vorticity contours behind the rectangular cylinder for different aspect ratios at Re = 150 is shown in Fig.  16 . Similar to the cases for Re = 100, the result for R = 0.15 shows a quite steady form of two parallel lines with negative and positive vortices (see Fig. 16(a) ). A positive vortex is in the process of development on lower side of the cylinder, while a negative vortex is about to detach from the cylinder (Fig. 16(b) ). Fig. 16(c)-(f) show that the negative vortex has cut off the connection between the lower shear layer and the positive vortex, and the near wake region is larger in the cases with large aspect ratios. Similar changes in vortex spacing and wake width to those found for Re = 100 are observed here for Re = 150. Fig. 17 shows the vortex patterns for different aspect ratios at Re = 200. The flow patterns for R = 0.15 are much more complicated as compared to those for Re = 100 and 150, as shown in Fig. 17(a) . It is seen that the two parallel lines with negative and positive vortices do not persist long before becoming unstable. The two parallel lines of vortices, while they travel downstream with the stream, start pairing and rolling up after a distance of three pairs of shedding vortices. However a quite steady form of two parallel lines with negative and positive vortices is seen in the wake of the cylinder for R = 0.5 (see Fig. 17(b) ). It is seen that as R is increased further, the vortex shed from one side crosses the wake centerline eventually and cuts the supply of vorticity to the vortex shed from the other side, and draws the shear layer of opposite sign from the other side to form the typical Kaman vortex street (Fig. 17(c)-(f) ). Fig. 17(d) shows that the negative vortex is being shed and the positive one on the other side is reforming. From the vortex patterns shown in Fig. 17(e) for the aspect ratio 4.00, it can be seen that the wake region is longer as compared to those of other aspect ratios. Fig. 18 shows the vorticity contours for different aspect ratios at Re = 250. The flow field for R = 0.15 and 0.5 at Re = 250 is more complicated, as shown in Fig. 18 (a) and (b). The vortex shedding process is affected greatly by the horizontal length of the cylinder. When the horizontal length is short, the separation flows from the trailing edges of the cylinder are sucked into the back region of the cylinder immediately at this Reynolds number. As a result the vortices generated on one side immediately interact with those of opposite sign which are in the process of being formed on the other side of the cylinder, and cut the supply of vorticity to the vortex shed from the other side. It is seen that the vortex shed at a position very close to the cylinder (see Fig. 18 (a) and (b)), and shedding frequency is relatively high (see Fig. 12(d) ). The positive and negative vortices move downstream with different velocities and interact in the wake and partially annihilate each other's vorticity (see Fig. 12(d) ). Figs. 18(c)-(f) show typical Kaman vortex street patterns. The spaces between the vortices in the in-line direction for R = 1 and 4 are obviously larger than those for R = 2 and 3 which indicate that the vortex shedding frequency for these two cases are slower (see Fig.  12(d) ), but in each of these cases the spaces between consecutive vortices remain almost a constant. The near-wake region is longer in the cases of larger aspect ratios compared to that of lower aspect ratios (see Fig. 18(d)-(f) ). To further analyze the flow structures in the range of discontinuity where the results of FFT spectrum analysis of lift coefficient show multiple peaks, vorticity contours at two different times for R = 1.40, 1.45 and 1.50 are illustrated in Fig. 19 . It is obviously seen that in each of these three cases there is no a fixed vortex shedding frequency and the space between consecutive vortices in the streamwise direction changes irregularly. This is why multiple peaks in the FFT spectrum analysis are found (see Fig. 12(d) ).
Conclusion
The flow characteristics around a rectangular cylinder with different aspect ratios in a uniform flow are studied using the lattice Boltzmann method (LBM) with the incompressible Bhatnagar-Gross-Krook (LBGK) model. Aspect ratios ranging from 0.15 to 4.00 are selected and four Reynolds numbers Re = 100, 150, 200 and 250 are chosen for the study. Special attention is paid to the effects of the aspect ratio on the force coefficients, vortex shedding frequency and the flow structure around the cylinder. The influence of Reynolds number is also discussed. Results are summarized as follows:
There is no local maximum value found at around R = 0.6 in the drag coefficient as reported for higher Reynolds numbers in the literature. The drag coefficient generally decreases as the aspect ratio R increases for the aspect ratio range and Reynolds numbers selected. The decreasing rate of the drag coefficient is more distinct in the range of 0.15 ≤ R ≤ 2.0 for all selected Re. However the root-mean-square value of the lift coefficient increases sharply as R increases from 0.15 and reaches a local maximum value at R ≈ 0.5, and then decreases quickly as R increases.
The Strouhal number St generally decreases with the aspect ratio for Re = 100 and 150. For Re = 200 and 250, the variation of St with R appears to be more irregular. For Re = 200, St reaches a local maximum and minimum at R = 0.45 and 1.25 respectively, while for Re = 250, St experiences dramatic changes. It decreases sharply first from a higher value near 0.20 at R = 0.50 down to a lower value near 0.12 at R = 1.25 and then experiences a discontinuity in the range of 1.25 < R < 1.6 where multiple peaks are found from Fourier spectrum analysis of the lift force and irregular vortex shedding behavior with no fixed shedding frequency is observed from the instantaneous vorticity contours.
The present results using the two-dimensional incompressible lattice Boltzmann method are compared with some existing experimental data and numerical studies. The comparison shows that the LBM can capture the characteristics of the bluff body flow well and is a very useful tool for bluff body flow studies.
